Introduction
To analyze the propagation of waves in random media one normally writes equations for the propagation of the statistics of the field (such as the moments).
In the case of smallangle forward-scattering the differential equations for the propagation of the higher field moments are difficult to solve. Consequently one must make various approximations, such as the Born and Rytov weak-scattering approximations or the Gaussian-field strong-scattering approximation.
In fact moments higher than the fourth are so difficult that no solutions are known outside of the asymptotic weak and strong approximations. Frequently, then, it is necessary to solve the equations by numerical methods.
In a numerical The purpose of this paper is to present quantitative results for the optimal choice of the mesh size for simulation of wave propagation through a three-dimensional random medium.
The propagation problem we consider is small-angle forward-scattering by a phase changing medium. The refractive index of the medium is a three-dimensional Gaussian random process n(F) which is completely described by its structure function D,,(F) or its spatial power spectrum _,,(fi). The notation of Prokhorov et al lz will be used throughout. We have investigated power-law processes with structure functions of the form D,,(F) = C_r _-1.
For such processes the spatial power spectrum is
.
(1) 
Forward

Scattering Theory
The choice of computational mesh depends on the important spatial scales in the random field in the observation plane.
Here we will review the forward scattering theory necessary to estimate these scales. If the scattering angle is small it is convenient to write the field with respect to a monochromatic plane wave as
Here _" is the transverse coordinate and k = 2_r/)_. The intensity is defined as
It is also useful to normalize the field so that the average intensity < I(ff, z) > is unity. This leads to the parabolic wave equation
where Vt is the transverse gradient operator and n(f) is the deviation of the refractive index from its mean value. 
In the planar geometry the term (V_ -VI)F2 is identically zero and the solution at range R can be written
where Dp(g,R)
= foRdZD'(ff, z).
(7)
A similar solution applies for a spherical wave if Dp(_, R) is replaced by 
The case of greatest interest is when _'_2 = ffz4 = 0. Then F, = < I(_I(F+ ff_3) > = Rather, the minor axis of s_ is equ_! to the major axis of 0_R _4.
Three important scales emerge from the analysis of the second and fourth moments. The first is the field coherence length So. The second is the scattering disc OoR. The third is the radius of the first Fresnel zone r I. The three scales are not independent as r) = SoS_. Fortunately these scales can be determined from the geometry and the analytical solution for the second moment.
The Propagation Calculation
The propagation of a wave through a random medium according to the parabolic wave equa- 
The field is a bandlimited random process and we can use sampling theory to choose the appropriate grid spacing.
In general a field of propagating waves is strictly bandlimited because q < k. Thus the original field can be reconstructed from samples taken at intervals of As < 2rr/(2k) = X/2 without any loss of information.
In this case we are considering only small angle forward scattering so the field is actually bandlimited much more severely.
In fact the spatial spectra of interest typically have a form similar to exp(-q2/qo2 
Generation of a Random Screen
The thin slab of random medium in -Az/2 < z < +Az/2 is described by the spatial spectrum of refractive index fluctuations _,,(_, z). The two-dimensional phase fluctuations ¢(ff, z) are given by
The two-dimensional spatial spectrum of phase fluctuations under the Markov appIoximation is 
Plane Wave Incident on a Thin Phase Screen
We tested the canonical problem of the plane wave incident on a thin phase screen using the universal power-law spectrum given in Eq.
(2) for the phase spectrum, i.e.,
_or a pure power-law spectrum (I0 = 0) and for 0 < a < 2, in the bottom panel of Fig. 1 . As one would expect, when As > lo the result is the same as for the pure power-lawcase. When As < 1o the error is much less than the pure power-law case because the spectrum drops faster at high frequencies and the effects of aliasing are greatly reduced.
As for the pure power-law spectra, there is essentially no change in the rms intensity marc, even for It,,,, equal to ma,c.
The spatial spectrum of intensity fluctuations _t(q) for rn_ = 10 and a pure power-law phase spectrum (a = 5/3) is shown in Fig. 2 The spatial spectra of intensity and intensity error due to transverse sampling are shown in Fig. 7 for a Kolmogorov spectrum with rn_ = 1. The error spectra are very similar to the thin screen spectra shown in Fig. 2 , but are not directly comparable because we used a smaller m_ for the extended medium simulation to reduce the computational burden.
The windowing error is investigated in an analogous manner to the thin screen case. For a pure power-law refractive index spectrum and uniform turbulence along the propagation path we can use the low wavenumber approximation given by lr
The variance error is then Aml = ct2<_+lF(l_--((]+-a/2)Dp (rs)l_ .,ofl"'°°R/Ldu: .,o/l"'°°nlt" du, L' dt ×
As with the thin screen case, for fixed Dp(rs) or rn_ the windowing error is a function of the parameter OoR/L. In the limit of large L the exponential term and the sine term of Eq.
(30) can be expanded. The leading order result is Am 2 c_(2 + _)(2r6rs/L)'-°t(c0 m_-6rF(1-c_/2)cos(_r/4)
The windowing error, the best fit power-law function, and the theoretical predictions of Eqs.
(21) and (29) with (5 = 0.65 (the same value as for the thin screen case Fig. 3 ) are plotted in Fig. 8 
This expression is used to propagate the field from one screen to the next. The transmittance of each screen is defined by its phase spectrum which is given by The point source simulation was tested against a reference using the same parameters and procedure as the plane-wave extended medium case. The intensity errors are plotted as a function of Az/R = 1/Ns in Fig. 9 . For a fixed m_ and pure power-law spectra, the error follows a power-law dependence with a similar exponent to that of the plane-wave case but the error at a given Az/R is about 4 times higher.
For the Kolmogorov exponent the collection of intensity errors follows an approximate scaling rule 2 4m_Az/R 4m_/Ns. When an inner scale is included, the errors are smaller and as the screen spacing approaches zero, Irm, is linearly proportional to Az, which agrees with the results for the plane wave case.
The spatial spectra of the intensity and the intensity errors for two different values of Az are shown in Fig. 10 for the Kolmogorov exponent a = 5/3 and m_ = 1. The intensity error spectra have a higher low-frequency contribution than the plane-wave case. However the dominant contribution to the total error variance is still from the higher wavenumber region.
The transverse sampling errors for the point source case are shown in Fig. 11 for two pure power-law turbulence spectra and a Kolmogorov spectrum with an inner scale 10 = 5As. The best fit for the thin screen errors shown in Fig. 1 is overplotted. One can see that the fit to the pure power-law cases is again remarkably good. Clearly the errors due to transverse sampling are well described by the thin screen solution, both for plane and spherical waves. The effect of an inner scale is also very similar to that of the thin screen but this case is harder to scale. The estimated rms intensity md_c is essentially constant for As/so < 4.
The spectral density of the intensity sampling errors are shown in Fig. 12 for a Kolmogorov spectrum with m_ = 1. As with the previous cases, the sampling error spectra are largest at high spatial frequencies and display characteristics of aliasing.
The windowing error is investigated in an analogous manner to the previous two cases.
For a pure power-law refractive index spectrum and uniform turbulence along the propagation path, we use the low wavenumber approximation for the intensity spectrum lr'2s and 
For fixed Ds(r/) or rn_ the windowing error is a function of the parameter OoR/L.
In the limit of large L the exponential term and the sin term of Eq. (42) can be expanded.
The leading order result is Am 2 _ 2F(1 + a)(2r_rs/L)4-"I(a) (43) m_ (a-1)r(1 -a/2)r_(1 +ct/2)cos(a_r/4) "
The windowing error estimates from the simulations, the best fit power-law function, and the theoretical predictions of Eqs. (21) and (41) with 6 = 0.75 are plotted in Fig. 8 for the pure Kolmogorov spectrum with my = 1.0. The theoretical scaling law agrees with the simulation at small OoR/L. The higher terms of the series expansion for the intensity spectrum are required to predict the windowing error for larger OoR/L.
Conclusion
The The turbulence level for these spectra are described by the Born variance with zero inner scale Eq. (25). These are: m_ = 0.1 (o), 1.0 (1:3), and 10 (<>). The best fit power-law from the thin screen simulations (Fig. 1 ) is plotted as a straight line on the upper two panels. The estimated rms intensity ma,c for m_ = 10 is shown as dashed line. The turbulence level for these spectra are described by the Born variance (with zero inner scale Eq. (37)). These are: m_ = 0.1 (o), 1.0 (O), and 10 (O). The best fit power-law from the thin screen simulation (Fig. 1 ) is plotted as a straight line on the upper two panels. The estimated rms intensity rndec for rn_ = 10 is shown as a dashed line. 
